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in ! Abstract 
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Using the analytic representation of the so-called Gazeau-Klauder coherent states(CSs), we shall 
demonstrate that how a new class of generalized CSs namely the family of dual states associated 

Q-f 

with theses states can be constructed through viewing these states as temporally stable nonlinear 

'■ 

CSs. Also we find that the ladder operators, as well as the displacement type operator correspond- 
ed ' . 

J> ' ing to these two pairs of generalized CSs, may be easily obtained using our formalism, without 

: 

employing the supersymmetric quantum mechanics(SXJ SYQM) techniques. Then, we have applied 

O ; 

this method to some physical systems with known spectrum, such as Poschl- Teller, infinite well, 
Morse potential and Hydrogen-like spectrum as some quantum mechanical systems. Finally, we 
propose the generalized form of Gazeau-Klauder CS and the corresponding dual family. 
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I. INTRODUCTION 



Coherent states(CSs) play an important role in various fields of physics, quantum tech- 



nologies and especially in quantum optics(see for instance 



flflfl 



]). Therefore efforts 



along generalizations and applications have been appreciably increased in recent years jsj]. 
Recently, Gazeau and Klauder have introduced an important class of generalized CSs, the 
so-called " Gazeau- Klauder CSs" have been denoted by \J,j), corresponding to any arbitrary 



quantum mechanical system 



. Keeping in mind that Gazeau-Klauder CSs are really 



CSs, we will refer to them as "GK states". These states have attracted much attention in 



literature (see e.g. 



11 



12j,Q|). More recently, along generalization of GK states, 



the vector CSs of the GK type have been constructed and some physical applications of 



them have been addressed 



In another direction, a new way of generalization has been proposed to construct the 
so-called family of the dual states corresponding to some particular known classes of CSs 
such as nonlinear CSs In an extended framework we have recently studied this 

idea, re-derived basically and well developed The construction of the dual pairs may be 
actually performed for all classes of generalized CSs, obtained by each of the three ways of 
generalizations; i.e., algebraic, symmetric and dynamics. We have found that the canonical 
CS are the only self- dual family (a useful check point for our future construction in this 
paper). Also we have already established the dual states associated with KPS 17 1 , PS [3| 
and SU(1, 1) group CSs successfully, of course after demonstrating the nonlinearity nature 
of these states j|. Unfortunately, as we have stated in earlier works, employing either our 
previous approaches in or the formalism proposed in 2] for constructing the dual of 
GK state, do not lead to full consistent CSs with Gazeau-Klauder's criteria. For instance 



according to the proposition in 



16| the T ^operator, whose action on canonical CS yields 



| J, 7) may be obtained trivially. But when one acts the related T-operator on the standard 
CS, the output state which expected to be of the GK type (in fact the dual set of GK 
states), encounters some difficulties. For example, apart from the ill-definition of the T (and 
so T _1 )-operator, the obtained states do not fulfill temporal stability. Consequently, the 
important property of the GK states, the action identity evolves some problems. Therefore 
one has to try some radically different method from the previous ones. 

This article organizes as follows: firstly, after imposing a second modification on the 
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modified GK states \z,a)(to be distinguished from "GK states", by abuse of notation we 
shall call them as GKCSs) introduced by El Kinani and Daoud [ll|, we shall clarify the 
nonlinearity of these states. Secondly, in view of establishing the GKCS as an extension of 



"KPS nonlinear CS" 17( to "temporally stable CS", together with the fact that the dual 
family of KPS nonlinear CS has already been introduced appropriately, we attempt to find 
the dual of GKCS, (we shall refer to it as DGKCS) through generalization of "the dual of 
KPS nonlinear CS" to state that it possesses the "temporal stability" characteristic. Upon 
generalizing this result, we shall introduce the S'(a)-operator (a G M.) which transfers any 
generalized nonlinear CS, corresponding to a Hamiltonian with known spectrum (which does 
not preserve temporal stability) to a situation in which it nicely restores this property. 

Additionally, a set of new interesting results such as the explicit form of annihilation, 
creation and displacement type operator corresponding to each of the two generalized CSs 
(GKCSs and DGKCSs) will be obtained. Also, by using the dual family of GKCS, the even, 
odd and Schrodinger cat CSs have been introduced. We then apply the method to some 
well-known solvable systems, i.e., harmonic oscillator, Poschl- Teller, infinite well and Morse 
potential and Hydrogen-like spectrum as some examples of quantum mechanical systems. 
Finally, we outline a scheme for generalization of the GKCSs as well as DGKCSs. 

II. ANALYTICAL REPRESENTATIONS OF GAZEAU-KLAUDER CS AS NON- 
LINEAR CS 

In this section, we first revisit the analytical representations of GKCSs and then impose 
a second modification on them. At last, we establish their nonlinearity nature. 

A. Analytical representations of GK states 

The GK states, | J, 7) , corresponding to any Hamiltonian with discrete (non-degenerate) 



eigenvalues e n > 0, are defined as 



BOB 



00 jn/2 -i~/e n 

\J, 1 )=Af(J)-^J2 7== |n), J>0, -oo< 7 <oo, (1) 



„=o VpH 

where M is a normalization constant may be determined (for a new and interesting formalism 

f. Q). 



related to degenerate Hamiltonian see Ref. jlj]). The orthonormal set {|^)}^Lo satisfy the 
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eigenvalue equation: 

H\n) = E n \n) = hwe n \n) = e n \n), h = 1, uj = 1. (2) 

The eigenvalues of the Hamiltonian H are such that 

= e < ei < e 2 < • • ■ < e n < e n+1 < ■■■ . (3) 

These states should satisfy the following properties: i) continuity of labeling, irresolution of 
the identity, m)temporal stability and iv) action identity. The last two conditions requires 
p(n) = [e n }\. 
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Along the works on GK states, El Kinani and Daoud in a series of papers 
imposed a minor modification on these states via generalizing the Bargman representation for 
the standard harmonic oscillator j^J. The authors introduced the analytical representations 
of GK states, denoted by us as GKCSs: 



\z, a 



)=AT(k| 2 )- 1/2 ^^= T |n), zeC, a em, (4) 

n=0 VPW 

where the normalization constant and the function p(n) are given by 



A/ "^| 2 ) = E%T' P(n) = [e n ]\. (5) 

Briefly speaking, they replaced — oo < 7 < 00 and J>0 in (Q) by ctGM and z G C, 
respectively. We must emphasize the main difference between the GKCSs presented in (J1J) 
and GK states in in view of the significance and the role of 7 and a, particularly in the 
integration procedure, in order to establish the resolution of unity. For this purpose, it is 
required to find an appropriate positive measure d\(z) such that 
rR 00 

/ \z,a)(z,a\d\(z) = ^2\n)(n\ = I, < R < 00. (6) 

J° n=0 

Inserting (J1J) in (JHJ), writing z = xe ld and expressing the measure as 

d\(z) = d\{\z\ 2 ) = TiM{x 2 )a(x 2 )xdxd6, (7) 

performing the integration over 9 e [0, 2tt] , the over-completeness relation © finally reduced 
to the following moment problem (see |l7( and Refs. therein) 

/ x n a{x)dx = p(n), < R < 00. (8) 
Jo 



2 n 
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B. A discussion about the modification of GK states 



As it is observed in the previous subsection, in the modification imposed by El Kinani and 
Daoud on the GKCSs, the parameter a has been implicitly considered as a constant, whose 
presence in the exponential factor of the introduced CSs preserves the temporal stability 
requirement (it is not now an integration variable). Meanwhile, for the temporal stability of 
the states in (j3J) one reads: 

e~ lHt \z, a) = \z, a'), a' — a + ut. (9) 

Upon a closer inspection, one can see that the latter relation is indeed inconsistent with 
the resolution of the identity. By this, we mean that when a is considered as a constant 
parameter, it really labels any over-complete set of GKCSs, {\z, a)}. But the time evolution 
operator in © maps the over-complete set of states {\z, a)} to another over-complete set 
{\z, a')}. These are two distinct set of CSs, each of them labeled with a specific a, if one 
consider the El kinani-Daoud formalism. But the temporal stability precisely means that 
under the choosen dynamics, the time evolution of a CS remains CS, of the same family. In 
this manner, the states introduced in (J3J) are not of the Gazeau-Klauder type, exactly. 
To overcome this problem, we redefine the resolution of the identity as follows: 

lim — / da \z, ct){z, a\dX(z) — } \n){n\=I, < R < 00. (10) 
r^oo 2T J_ T J ^ 

We can simplify the LHS of (fTT)|) which interestingly led us exactly to the LHS of (JEJ). Indeed 
we have 

f R 1 f r f R 

/ \z,a){z,a\d\(z) — lim — / da \z,a){z,a\d\(z), (11) 
Jo ' r ^°° 2r J_ r J 

where d\(z) is determined as in 0. 

By this fact we want to conclude that both of the over-complete collection of states 
{\z, a)} and {\z, c/)}, with fixed a and a' = a + ut, belong to a large set of over-complete 
states with an arbitrary a 

{\z,a),zeC,-oo<a<oo}. (12) 

Note that by replacing a 6 R with — 00 < a < 00 in (I12j) we want to emphasize that the 
parameter a is relaxed from the constraint of being fixed. But we will encounter other diffi- 
culty, that is the variability of a destroys the well definition of the "operator valued function" 



f(a,n), which will be introduced later in (j!4j) . in addition to the deformed annihilation and 
creation operators A = af(a,h) and A* = p(a,n)a\ To overcome this difficulty we may 
bridge the gap between these two situations: variability and constancy of a. We define 
the set of operators A = af(a,h), A' = f*(a,n)a* and any other operator which explicitly 
depends on a, in each sector (subspace) Sj a , labeled by a specific a parameter, of the whole 
Hilbert space which contains all GKCSs {\z, a)}. Indeed, the whole Hilbert space foli- 
ates by each a (remember the continuity of a). Moreover, the action of the time evolution 
operator on any state on a specific sector, transfer it to another sector, both belong to a 
large Hilbert space. So, when we deal with the operators that depend on the a parameter, it 
should necessarily be fixed, while this is not the case when we are dealing with the states. 

We notify here that taking a as a constant in somewhere and as a variable in another may 
be confused one and seems to be problematic. However, it is similar to the case which one 
encounters in the contexts of general relativity and quantum field theory, where the covariant 
formulation of the theory is required. In these cases one considers in the whole space with 
the dimension n, the space-like Cauchy hyper-surface E is defined with the dimension n — 1. 
Fixing a is similar to the so-called gauge fixing (e.g. a section in time). For instance by 
gauge fixing one may calculate the evolution of metric in solving the Einstein equation in 
general relativity or the commutation relation in quantum field theory. So in the present 
case, although the operators are typically true operators over the whole Hilbert space ft, but 
the calculations and their commutation relations are done with a fixed a in the subspace 



C. The Relation Between Nonlinear CS and GKCS 



22, Q 



22, 231 has attracted 



On the other hand the notion of nonlinear CSs introduced in \21\ . 
much attention in recent decade, especially in quantum optics. The realization of a special 
class of these states has been proposed in the quantized motion of a trapped ion in a Paul 
trap [3 Q|- The nonlinear CS defined as eigenvector of the deformed annihilation operator 
has the following expansion over the Fock space 

\z) f = A/}(MT 1/2 £ [f(n)}\ = f(n)f(n - l)f(n - 2).../(l), (13) 

7^o Vn![/(n)]! 
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where /(O) = 1 and Mf is some appropriate normalization constant may be determined. 
We recall that by replacing f (n) with jh^ in the relation (jTJ| one immediately gets the 
nonlinear CSs introduced in |lj| . We have called these states as the dual family of nonlinear 
CSs of Man'ko's type H- 

Following the formalism given in |8| for the states expressed in (p|J) one may obtain 



f GK {a,h) = e ^-gn-0^ _^ _ aj being fixed. (14) 

where we have choosed the notation e n = p(n)/p(n — 1). 

Moreover, we gain the opportunity to find raising and lowering operators in a safe manner 

A G k = af GK (a, h), A ] GK = f GK {a, h)a) . (15) 

It is easy to verify that Aqk\z, a) = z\z,a). Obviously the commutation relation between 
these two (/—deformed) ladder operators obeys j3| the relation 

p(n + 1) p(n) 

pin) p{n - 1) 
e n+ i - e n . (16) 



[Agk,AI k ] 



The special case p(n) = n\ recovers the standard bosonic commutation relation [a, a)] = I. 
Using the "normal- ordered" form of the Hamiltonian as in and taking h = 1 = u, for the 
Hamiltonian of GKCSs we get 

H gk = U = A gk Agk = n f GK {a, n) = _ = e n (17) 
which clearly shows that the dynamics of the system is independent of a. 

III. THE DUAL FAMILY OF GKCS AS THE TEMPORALLY STABLE CS OF 
THE DUAL OF KPS CS 

The KPS coherent states, introduced by Klauder, Penson and Sixdeniers j^| have the 
following form 

oo n 

n "° ^ n 

As demonstrated in 8], all of the various sets of CSs introduced in [17[, constructed by diverse 
p(n)'s, are nonlinear CSs in nature. Also the appropriate nonlinearity function f(n) as well 



as the deformed annihilation, creation and Hamiltonian operators were introduced there. 
Especially, it is found that p(n) in (fTHj) must satisfy the relation p(n) = [nf 2 {n)]\ = [e n ]!, 
where e n 's are the eigenvalues of the associated factorized Hamiltonian. Taking into account 
the above results, comparing (|18|) with GKCS in (@J) and keeping h and u in the formulas, 
one may conclude that 

e'^^KPs = \z,a), 0/aGl, z G C. (19) 

While \z)kps states are not temporally stable, \z,a) states enjoy this property. 

Now we may outline a relatively evident physical meaning to the arbitrary real a in (j3J) 
or (|T9*|) as a = cut, where by t we mean the time that the operator acts on the KPS coherent 
states. It should be mentioned that, in a sense this interpretation has been presented for 

n 

the GKCSs in a compact form [10j. If so, then \z, a) can be considered as the evolution of 
\z)kps- Therefore in a more general framework, we claim that the action of the evolution 
type operator 

S(a) = e-^, S& = &S = I, 0/aGl, (20) 

on any non-temporally stable CSs, makes it temporally stable CSs. So, S(a) is a nice and 
novel operator which transfer any generalized CS to a situation which it restores the temporal 
stability property. Here, we stress on the fact that in (|2D|) the Hamiltonian, Ti. should satisfy 
H\n) = hjje n \n). 

At this point we are ready to find a suitable way to define the dual family of GKCS. First, 
we note that the dual family of KPS CSs introduced in (jl8j) has already been established in 
Ref. via the following exact form 

oo n 

\z)kps = Sf KPS (\z\ 2 y 1/2 £ -4r^\n), z e C, (21) 



where 



„: 



(n\) 2 



p(n)=p(n) = ^. (22) 

Hereafter, the sign "tilde" over the operators and states, assign them to the corresponding 
dual operators and states, respectively. For instance p(n) is dual correspondence of p(n). 
Eq. expresses the relation between KPS and the associated dual CSs, in a simple 

way. Obviously Mkps and Mkps m dIH|) and f!21l) are the normalization constants may 
be obtained. Employing the formalism led to (JUJ), for "the dual of KPS states" in (|2*Tj) 

8 



naturally results in the following superposition of Fock states for the dual family of GKCSs 
(we shall refer to them as DGKCS) 



g tOL&fi 



S(a)\z) KPS = e-^ H \z^ KP s = U{\z\ 2 )- l/2 y j -^ T =^\n) 

= \z^a), z e C, 0/ttGK, (23) 

where M = Mkps (because of the unitarity of S(a), which preserves the norm) is given by 



oc 



2n 



tf(M 2 ) = £^)- (24) 

n=0 ^ K ' 

The special case of e n = n in ()23|) recovers the canonical CSs, correctly. Note also that 
setting a = ut in (j2~Uj) and (J2~3*j) reduces the operators S(a) and 5(0;) to the well-known time 
evolution operators U(t) and U(t), respectively. The case a = for the states in (£Q) and ()23|) 
recovers KPS and the corresponding dual CSs (which certainly are not temporally stable), 
respectively. The overlap between two states of the DGKCSs takes the following form 

~ ~ ( J\n~-ie n {— a+a') 

(z, a\z>, a') = N{\z\*Y^N{\A 2 r 1/2 E r S > ( 25 ) 

which means that the states are essentially nonorthogonal. 

It should be noticed that the produced states (\z, a) introduced in (|2*3j) ) form a new; c/ass 
o/ generalized CSs , essentially different from \z,a) in (jlj). Also, it is apparent that for our 
introduction of DGKCSs, we have obtained directly the analytic representation of DGKCS 
for any arbitrary quantum mechanical system. Using the formalism proposed in , one can 
deduce the nonlinearity function for the dual states in (|2~H|) as 



f GK (a,h) = ^''J r^ iy « being fixed, (26) 

where we have used the notation e n = /i(n)//x(n — 1). Therefore, analogous to (fTTj) the 
deformed annihilation and creation operators of the dual system may be expressed explicitly 
as 

- AaK =^-^r^i Y (27) 



^= e ^ fc ^/idsV- (28) 
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The normal-ordered Hamiltonian of dual oscillator in the same manner stated in (|17|) is 

# OJ r s= # = A.y K A GK = = -, (29) 

fi[n - 1) e n 



n 2 



which is again independent of a. As a result 

H\n) = S n \n) = ftwe n \n) = e n \n), e n = e n = —, (30) 

fin 

where again we have used the units u = 1 = h. The first equation in (}30|) illustrates clearly 
the relation between the eigenvalues of the two mutual dual systems. Also, the DGKCSs 
are required to satisfy the following inequalities 

= e < ei < e 2 < ■ ■ ■ < e n < e n+1 < • • ■ , (31) 

the same as that of e n 's in (J3J). At this point a question may be arisen: to what extent 
one may be sure that the DGKCSs in (J23|) are of the Gazeau-Klauder type? Let us briefly 
investigate this question. 

1. Continuity of labeling: it is clearly satisfied. 

2. Resolution of unity: 

/ \z^a)(z^a\d\(z) = ^2\n)(n\ = I, < R < oo, (32) 
where the measure d\(z) is defined as in (|7jl. The radius of convergence of DGKCS is 



determined as R = lim^oo yf jj,{n) and jjt,{n) is defined as positive constants assumed 
to be appeared as moments of a probability distribution. Similar calculations led to 
the result in (jSJ) are needed to arrive at the new moment problem associated with the 
DGKCSs 

r R 

fx(n) = p(n) = / x n a(x)dx, < R < oo, (33) 
Jo 

which must be solved with the help of the early mentioned techniques. As for the 
GKCSs, we assume that /x(0) = 1 and < oo for all n. 

3. Temporal stability: using (|2"3~j) and the relevant Hamiltonian (jSOjl gives us readily: 

e - iHt \z^} = Af(\z\ 2 )- 1/2 y2 , I") 

= \z^a + ut}, (34) 
which illustrates that DGKCSs remain coherent, as time goes on. 
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4. Action identity: from the condition (iii) we find that the time evolution of a CS is a 
map given by (z, a) t— > (z, a + cut). The new states \z^at) satisfy the relation: 

(z^y\H\z^a) = co\z\ 2 , (35) 

in consistence with Gazeau-Klauder's criteria, which is the so-called action identity. 
This is a strong requirement which uniquely specifies the weights {/x(n)} n >o in the 
denominator of the expansion coefficients of the DGKCS. Using (j2SJ), fl231 and (|3T)J) in 
the LHS of (jS5j) we obtain 

00 c |,|2n 00 |_,|2n 

^ ^(n) ^ /i(n) 

by which we arrive at the following condition 

fi{n) 



By conventional choice of /^(O) = 1, we thus deduce 



(37) 



ji{n) = e n e n - X ...ei = H-k=i £ k = [e n ] } - (38) 

So, we have established that the DGKCSs in (|23J) are exactly of the Gazeau-Klauder type. 
It ought to be noted that the same arguments we presented in section IHBI about the reso- 
lution of the identity (and the integration procedures), the a parameter (the states and the 
operators which depend on it) and the corresponding Hilbert spaces must also be considered 
for the DGKCSs have been built in the present section. 



A. The introduction of temporally stable nonlinear CS 

Let us now outline the main idea in a general framework. It is believed that the property 
of the temporal stability is intrinsic to the harmonic oscillator and the systems which are 



unitarily equivalent to it [25|. But in what follows we shall demonstrate that how this 
important property can be restored by a redefinition of any generalized CSs which can be 
classified in the nonlinear CSs category. Recall that the nonlinear CSs we introduced in (IT3l 
do not generally have the temporal stability property [23J. So, by considering the results 
obtained in the previous work 8] and the above explanations, we want to go proceed and 
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introduce generally the new notion of "temporally stable nonlinear CSs" as 

00 z n e~ iae " 

\z,a) f =M f (\z\ 2 y 1/2 J2 rs<u m> >' e n = nf(n) } O^eK, z e C. (39) 

tr n Vnl If n ! 



1^)/ = ^/(k| 2 )- 1/2 ^ |n), e„ = 7 ^ T , 0^68, zGC, (40) 



£Z Vn![/(n)]! 

We can also define the dual of the latter states by the following expression 

z n [f{n)}\e~ ia£n ,_ N n 

n=0 

which are indeed the temporally stable version of the nonlinear CSs have been introduced in 
[lsj ]. In both sets of the CSs given by (|3*9*j) and (J4*U|) . a is a real constant and the normalization 
factors are independent of a. Setting a = in (}3T?|) and pUj) . we recover the old form of 
Man'ko's and Roy's nonlinear CSs, respectively, which clearly are not temporally stable. 

B. Temporally stable CS of SU(1, 1) group 

An instructive example of the families of nonlinear CSs is provided by the Gilmore- 



Perelomov(GP) |26( and Barut-Girardello(BG) CSs [271 . defined for the discrete series rep- 
resentations of the group SU (1, 1). Using the results of 8( for GP states, and then imposing 
the proposed formalism on them, the "temporally stable CSs of GP type associated with 
SU(1, 1) group" can be defined as 

|,, a )»M = ^W')-^Eiy^T50P |n> - W "~ l - (41) 

where Mgp is a normalization factor and the parameter k = 1, 3/2, 2, 5/2, • • • , labels the 
SU(1, 1) representation being used. Analogously, applying the presented extension to the BG 
type of CSs, gives immediately "temporally stable CSs of BG type associated with 577(1, 1) 
group" as follows 

00 y n „— ian(n+2K— 1) 

\z, a) S B T 1] - \^) S cT 1] = Ar BG (\z\r i/2 £ L T (n + 2 K )W> h * G C ' (42) 
where once more, Nbg is chosen by normalization of the states. 



C. Temporally stable CS of Penson-Solomon type and its dual 

As established in jsj], the generalized CSs introduced by Penson and Solomon [3] as 

OO "("-!) 

\ q , z )=Af(q,\ z \^J2^ T z n \n), (43) 
^ vn! 

12 



are also nonlinear with fin) = q^ l ~ n ^ and therefore the factorized Hamiltonian reads Tips = 
hq 2 ( 1 ~ n \ It is stated in |l8j that under the action of exp(— iHt) these states are temporally 
stable, where the Hamiltonian H = a^a = n expresses the (shifted) quantum harmonic 
oscillator with the corresponding canonical CS. Seemingly to verify the invariance under 
time evolution operator, it may be more realistic to act the operator, exp(-i'Hpst), on the 
PS states in (J43)) . where 7i.ps\n) = hq 2 ^ l ~ n ^\n) = nq 2 ^~ n ^\n). Clearly by such proposition 
these states are not temporally stable. But the presented formalism in this paper allows one 
to construct the temporally stable CS of PS type as follows 

OO n(n-l) 

\q,z,a) = e-^^|g,z> = Af PS (q,\z\ 2 ) ri^ e - !ae " 2 », (44) 
where e n = nq 2<yl ~ n \ 

We have already introduced the dual family of the PS states of Eq. (J43)) \q, z) in Ref. 0. 
So the temporally stable dual of these states may also be obtained immediately as 

CO -n(n-l) 

\qX^I = e^^lq, z) = tf P8 (q, \z\ 2 ) V ^_=- e — z n \n), (45) 
where e n = -^tuf- 



D. Some remarkable points 

We end this section with some remarkable points. 

• First, one can prove that the /-deformed annihilation operator given by (jl4j) is just 
the same as the one derived earlier in jltj, denoted by a(a) 

a (a) = e -^H(n)/^ he iaH(h)/^^ ^ 

or in terms of the introduced evolution operator S{a), 

a{a) = S{a)aS j {a). (47) 

It must be noticed that a and its adjoint in Eqs. fEIUJ) and (j4Tj) . have been defined 
as follows 

a\n) = y/e^\n - I) , a)\n) = ^/e n+ i\n + 1). (48) 
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Now using the relations f'{fi)a = a/'(n — 1) and na = a(n — 1), we have 

where we have used Eq. (J2J) in the last step. Upon replacing (|4l?jl in the RHS of (j4^j) and 
taking into account (j2J) we are readily led to the equality 

• In the light of the presented explanations the annihilation operator eigenstate (alge- 
braic definition) for GKCSs and DGKCS are such that 

Aqk\z, cx) — z\z, a), Aqk\z^oi) = z\z^a) . (50) 

The deformed annihilation and creation operators Aqk and A GK of the dual oscillator 
algebra, satisfy the following eigenvector equations 

A GK \n) = yfee^-^n - 1) (51) 



4 f 



1) 



(52) 



[A GK , A GK ]\n) = (e n+ i - e n )\n) 



(53) 



[Agk, n] = A GK [A GK , n] = -A GK . (54) 

Upon looking on the actions defined in (JSTj) and (p)2*j) one can interpret A G k and 
A GK as the operators which correctly annihilate and create one quanta of deformed 
photon, respectively. A closer look at the basis of the involved Hilbert space $) a in 
each over-complete set {\z, a)}, shows that it is spanned by the vectors 

(/it \n p iae n _ 

|n, a) = 1 GK J— |0) = |n), A GK \0) = 0. (55) 

Moreover, we have omitted the a parameter from the basis for simplicity. At last, we 
are able to introduce the generators of the deformed oscillator algebra |2ja] of Gazeau- 
Klauder and the corresponding dual family as {A G k, A gk , H} and {A G k, A gk , H}, 
respectively. 
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One may expect that the inequalities for e n given in (|3ip corresponding to any solvable 
system do not hold for DGKCSs (the restriction which also exists in (j3J) for GKCSs). 
This is generally may be true, but fortunately many cases- if not all- such as all physical 
systems will be considered in this paper are of this sort (both of e n and e n are strictly 
increasing). So it must be mentioned that before making use of our formalism for dual 
states associated with any set of GKCSs one should be sure about the condition (J3TJ). 
If both of the inequalities in (jSJ) and (|HT|) hold simultaneously, then one has: 

e n+1 (n + iy 

which can be expressed in terms of the nonlinearity function fGK{oi,n) as follows 




f G K(a,h) 



f G K(a,n+ 1) 



2 



for all n > 0. 



• As it may be clear, when one wants to work with one of the dual pairs singly, they 
can be considered on their relevant domains. But to deal with their mutual relation, 
calculations must be done only in the intersection of the domains of the pair of CSs 
(in this case GKCSs and DGKCSs); i.e., generally on a unit disk, unless the CS is 
defined on a finite dimensional Hilbert space. As we shall see later, the latter is the 
case for Morse potential. 

• And finally, the probability distribution for the DGKCSs is defined as 

p(n) = \(n\z^)\ 2 =m\z\ 2 r lL T- v (58) 

which is independent of a parameter. 

We terminate this section with recalling that there exists also a set of equations such as 
(|51B54j) related to GKCSs which may be obtained just by replacing Aqk, ^gk anc ^ £ n with 
A GK , A\ JK and e„, r e S pec tl ve ly . The latter have been already denved by applying SUSYQM 
techniques |12|], but re-derivation of them are very easy by our formalism. According to 
their results, the one-dimensional SUSYQM provides a mathematical tool to define ladder 
operators for an exactly solvable potentials. But the authors did not express the explicit form 
of the ladder operators, and only the concerning actions were expressed there. Therefore 
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besides the simplicity of our method, it is more complete in the sense that as we found the 
explicit form of the raising and lowering operators in terms of the standard bosonic creation 
and annihilation operators and the photon number (intensity of the field) have been found 
easily (see equations (fT5jl . (1771) . (12%!) ). 

IV. DISPLACEMENT OPERATORS ASSOCIATED WITH GKCS AND THE 
CORRESPONDING DUAL FAMILY 

Now, which we introduced the explicit form of the deformed annihilation operator (and 
hence the annihilation operator definition for GKCSs and DGKCSs according to equations 
in (|50|) . we are in the position to extract the CSs of Klauder-Perelomov type for an arbi- 
trary quantum mechanical system. For this purpose, we introduce the following auxiliary 
operators related to GKCSs 

s ^u^' (59) 

and those for the dual families DGKCSs 

Bgk = a 1 B GK = 1 at. (60) 

jGK{-a,n) f GK (-a,n) 

Notice that the minus sign in the argument of the /-function is needed in both cases, since 
only in such cases we have f GK (—a,n) = f G K(a,n). 

The /-deformed operators given by (|59j) and fl6()D are canonically conjugate of the 
/-deformed creation and annihilation operators (Aqk, A gk ) and (Aqk, A GK ), respec- 
tively; i.e., they satisfy the algebras [A GK ,B GK ] = [B GK ,A GK ] = I and [A GK ,B GK ] = 
[B G k, A gk ] = J, respectively. Now we have all mathematical tools to construct the dis- 
placement operators for GKCS 

D GK (z, a) = exp(zB GK - z*A GK ), (61) 

and for DGKCS, 

D GK (z, a) = exp(zB GK - z*A GK ). (62) 

The actions of D G x(z,a) and D G k(z, a) on the vacuum state |0) yield the GKCSs 
and DGKCS, up to some normalization const ant, respectively, as we demand. From the 
group theoretical point of view, one can see that the sets {A GK , B GK , B GK A GK , 1} and 
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{A GK , Bq K , B gk A gk , I}, which are respectively associated with GKCSs and DGKCSs, form 
the Lie algebra I14 and the corresponding Lie group is the well-known Weyl-Heisenberg(W- 
H) group. Also, the action of the latter operators in (|6Tj) and on the vacuum state 
are the o rblt8 of the projective representations of the W-H group Q. It must 

be understood that as we pointed out earlier, we have applied neither the formalism in jl6lj 
nor the equivalent formalism of Ref. Q| for constructing the dual states, since the states 
obtained from the earlier formalisms were not full consistent with the Gazeau-Klauder's 
criteria. Indeed, we proposed a rather new way, through viewing the GKCSs \z,a) and its 
dual pair \z^a) as generalization of KPS nonlinear CSs \z)kps and its dual \z)kps to the 
two distinct temporally stable CSs, respectively. Speaking otherwise, the operators intro- 
duced in (pTTj) and (jo^j) do not have the relation: D GK (—z, a) = D GK (z, a) = [D GK (z, a)^ 1 ]^ , 
which is the characteristic of the earlier formalisms. To this end, it is possible to build the 
following displacement type operators, V G k{z, a) = exp(zA GK — z*B GK ) for GKCSs, and 
in a similar manner, V G k{z,q) = exp(zA GK — z*B G k) for DGKCSs, whose actions on the 
vacuum state, yield two new sets of states. But it is easy to investigate that none of them 
can be classified in the Gazeau-Klauder CSs. 

V. THE CONSTRUCTION OF EVEN, ODD AND SCHRODINGER CAT COHER- 
ENT STATES FROM THE INTRODUCED DGKCS 

Various superpositions of CSs may result in different nonclassical states of light. Recently, 
there has been much interest in the construction as well as generation of these states, in the 
regard of their applications in the context of quantum optics. Their different characteristics 
are due to the various quantum interference between summands. As an example, the even 
and odd CSs associated with canonical CSs as well as other classes of generalized CSs such as 
aonhnear CSs e—y studred ia the Hteratare Q exhibit nouclaasica! features, such as 
squeezing, sub-Poissonian statistics (antibunching) and oscillatory number distribution. The 
symmetric (antisymmetric) combinations of GKCSs have been introduced in Similarly 
using the unnormalized DGKCSs we are led to the even(odd) CSs denoted by +(— ): 

\z^a)± = N'±{\z\ 2 y l/2 (\z7a) ± f^a)) 

= N> ± {\z\r 1 ' 2 £- — t±< } W (es) 
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where zeC and «6l For the normalization factors we get 

A few simplification imposed on the states in (J53j) will clarify the name even(odd) associated 



with these states 

6 o A 



\z, a 



) + = M> + (\z\r 1/2 E-hrT^ ^ 



|zP5>- = ^'-(N 2 )" 1 ' 2 £ / /o , n l 2 ^ + !>• ( 66 ) 
Finally the (±) states in and (jSS|) satisfy the following eigenvalue equations 

(A G ^) 2 |J7«) ± = z 2 \z^a)±. (67) 

The probability distributions for the even-DGKCS (+) and odd-DGKCS (— ) are derived as 



P ± (n) = \(n\z^) ± \ 2 =Af' ± (\z\ 2 )- ll -±- (68) 

H(n) 



which clearly are independent of the a parameter. 

Now, we pay attention to another specific superposition of the DGKCSs \z^~a), by which 
we may obtain the real (+) and imaginary (—) Schrddinger cat states as 

\z&)°« = A7" ± (M 2 )- 1/2 (I^5> ± (69) 

where z* is the complex conjugate of z. Inserting z = re 10 in the last equations give us the 
following explicit forms 

r n cos(n8) 



\z, a 



)C*t = ^ +{ \ z \2yi/2j2—P= i e-^\n) (70) 



and 



DC 



Z^Oat = ^//_(|^|2)-l/2 V- ^ W+1 sin[(" + l )g] e -te B+1 | n + 1)f (71) 



n=0 

where the normalization constants would be find as 



r cos (n 

n=0 

and 



^ u(n + 1) 

n=0 ^ V ' 



18 



The probability distribution for the the real (+) and imaginary (— ) Schrodinger cat CSs in 
(J7UJ) and (J7TJ) can be calculated as 

~ r „ f , v i, ,— x r7„ f |2 rx,, 2 \-i r2n (l =•= cos(2ra0)) 

P^ a *(n) = |(n|z,a)^ ai | = A/^(r 2 ) 1 - -— ^ — , (74) 

which are again independent of a. 

VI. SOME PHYSICAL APPLICATIONS OF THE DGKCS 

In order to illustrate the presented idea in this paper, let us apply the formalism on some 
physical examples which the associated GKCSs have already been known. To economize in 
the space the complete form of DGKCSs have not been given in what follows and it will be 
enough for our intention to present e n , /x(n) and Af(\z\ 2 ), since substituting these quantities 
into (}2"3)) gives readily the explicit form of the DGKCSs, \z^a). 

Example 1 Harmonic oscillator: 

As the simplest example we apply the formalism to the harmonic oscillator Hamiltonian, 
whose nonlinearity function is equal to 1, hence e n = n = e n which results in the moments 
as fi(n) = n! = p(n). Note that we have considered a shifted Hamiltonian to lower the 
zero-point energy to zero (e = = e ). Eventually 

2 Z n €~ * an 

\z7a)ccs = e~ lzl /2 V" — -==- \n) = \z, a) C cs (75) 

71=0 V 

ensures the self-duality of canonical CS. For this example all the Gazeau-Klauder's require- 
ments are satisfied, trivially. 

Example 2 Poschl- Teller potential: 

The interest in this potential and its CSs is due to various applications in many fields of 
physics particularly in atomic and molecular physics. The usual GKCSs for the Poschl- Teller 
potential have been demonstrated nicely by J-P Antoine et al [h]]. Their obtained results 
are as follows 

n\T(n + v + 1) 

e n = n(n + is), p(n) = — - , v > 2 (76) 

with the radius of convergence R = oo. Consequently using the Eqs. given by (fTUj) in (|2*2*|) 
and (|50|l we are able to construct DGKCSs associated with this particular potential by the 
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new quantities obtained as 



n n\T(u + 1) 

M n ) = fH r~i\' 27 > 2 ( 77 ) 



n + i/' ' T(n + z/ + 1) 

and for the normalization constant we obtain from (J24j) 

AT(|z| 2 ) = (l-|^| 2 )- 1 - (78) 

whose region of convergence is determined as the open unit disk. The overlap between two 
of these states when a = a' is obtained from (|2*3j) as 

= [(1 - M 2 )(l - \z'\ 2 )f +u)/2 (1 - zz r f- x -»\ (79) 

To be ensure, for these dual states we only investigate the resolution of the identity; since 
the other three requirements are satisfied obviously. As required, we have to find a{x) such 
that the moment integral 

holds. It may be checked that the proper weight function cr(x) is determined as v(l — x) v ~ x . 

At this point we recall that e n 's in ()76|) denotes the eigenvalues of different Hamiltonians. 
The characteristics of the dynamical system has been shown by the parameter v. For 
instance, the eigenvalues of the anharmonic (nonlinear) oscillator, well studied in literature 

n n 

and the related GKCSs and GK states have been discussed in Refs. and [30J in details, 
respectively. In current example the parameter v is related to two other parameters, namely 
A and k through the relation v = \ + which determine the height and the depth of the well 
potential. However, when one deals with the nonlinear oscillator it has another meaning; 
e.g. we refer to Ref. jst]], in which the interest was due to its usefulness in the study of laser 
light propagation in a nonlinear Kerr medium. In particular, v in this case is related to the 
nonlinear susceptibility of the medium. So, the obtained results in ()77|) -([78| ) can be exactly 
used for the anharmonic oscillator, too. To this end, we shall see in the next example that 
the case of v = 2 in (fTSj) is the eigenvalues of the infinite well potential. 

Example 3 Infinite well potential: 

The GKCSs for the infinite well, have been established by J-P Antoine et al in ^(|. The 
related quantities are 

/ x n\(n + 2)\ , . 

e n = n(n + 2), p(n) = y 2 ) , (81) 
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with radius of convergence as R = oo. Consequently inserting (|5Tjl in (J22J) and (J3Uj) one can 

construct the dual of these states by the quantities 

= 7- I 4: I (82) 



n + 2' ^ y J (n + l)(n + 2) 
and the normalization factor can be obtained from (1231) as 



AT(H 2 ) = (l-|z|T 3 . (83) 

whose region of convergence is determined as the open unit disk. The overlap between two 
of these states for the special case a = a' is obtained from (|25jl as 

(z^\Aa) = [(1 - |z| 2 )(l - K| 2 )] 3/2 —*— r (84) 

1 — zz 

To clarify the fact that these dual states are actually CSs, we only investigate the resolution 
of the identity, since the other three requirements are satisfied straightforwardly. For this 
condition we have to find a(x) such that the integral 

1 2 

x n a(x)dx = T7 r (85) 

o 1 ' (n+l)(n + 2) 1 ' 

holds. It is easy to verify that &(x) — 2(1 — x) is the solution. 
Example 4 Morse potential: 

The GKCSs for the Morse potential, which is the simplest type of anharmonic oscillator 
and is useful in various problems in different fields of physics (for example spectroscopy, 
diatomic and polyatomic molecule vibrations and scattering), can be obtained using the 
related quantities given in Q|: 

_ n (M + l-n) r(n + l)r(M+l) 

6n M + 2 ' P[n) (M + 2)T(M + l-n)' 1 j 

where n — 0, 1, 2, • • • < (M + 1). Therefore taking into account (jHHj) in (|2^jl and (jSOjl the 
dual of these states can be produced by the following quantities 

n(M + 2) _ (M + 2) n T(n + l)T(M -n+1) 

en ~M-n+V m ~ T(M+1) ' [ * n 

For the normalization factor in this case one obtains 

12 



mm 



\z\ 



1 + 2 + M 



(88) 
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where again the equation has been used. Noticing that the series led to A^(|z| 2 ) in 
is finite, it is readily found that it is absolutely convergent, i.e., x = ^/\zf > 0) z e C. For 
evaluating the overlap between two of these states, when a = a', the formula (J25J) is not 
useful and one must calculate especially the overlap between the Morse states for themselves, 
because of the upper bound of the summation 

M+l 



(z^\z',a) = M{\z\ 2 Y 1/2 N{\z'\ 2 )- 1 ' 2 

1 + 



1 



2 + M 



n=0 
/|2 



(z*zj 



\z' 



2 + M 



-M/2 



2 + M + zz' 
2 + M 



M 



(89) 



We need only to verify the resolution of the identity. As before, we have to find a function 
a(x) such that 



x n a(x)dx 



(M + 2) n T(n + l)r(M -n+l) 



(90) 



o T(M+1) 
Jsing the definition of Meijer's G-function and the inverse Mellin theorem, it follows that 



ax 



bi, • • • , b m , 6 m +i, • ■ • , b q 



i n^r^ + ^n™ r(i 



(91) 



a* n^ =n+i r(a, + s)U q j=m+1 T(l - b 3 - s) ' 

Comparing (j9Ti|) and (j9*T|) . one can find the function a(x) needed in (jHUJ), in terms of the 
Meijer's G-function by the expression 



a(x) — (M + 2)T{M + l)Gj'J I x(M + 2) 



-(M + l) 



0. 



(92) 



Example 5 Hydrogen-like spectrum: 

As the final physical example, we choose the Hydrogen-like spectrum whose the correspond- 
ing CS, has been a long-standing subject and discussed frequently in the literature. For 
stance inR e & .BQ the one- dimensional model of such a system with the Hamiltonian 
H = —uj/{n + l) 2 and the eigen-values E n = —oj/{n + l) 2 has been considered (a> = me 4 /2, 
and n = 0,l, 2, •••). But to be consistent with the GKCSs, as it has been done in ,32], the 
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energy-levels should be shifted by a constant amount, such that after taking uj = 1 one has 
the eigen-values e n and therefore the functions p(ri) as follows 

e n = 1 - 7-^' = 1^ ( 93 ) 

(n + 1)^ 2(n + 1) 

with unit disk centered at the origin as the region of convergence, i.e. R — 1. Therefore the 
related dual family of GKCSs for bound state portion of the Hydrogen-like atom can be con- 
structed. For this purpose, we take into account (J93J) in and (JHU|) . so the corresponding 
quantities for the DGKCSs can be easily obtained as 

n(n + l) 2 , , 2n\(n + 1)! , 

n + 2 n + 2 

In this case R = oo as the radius of convergence. For the normalization factor, using the 

Eq. pij) one obtains 

1 



M(\z\ 2 ) = - 7 = 2h{2 y/\z\ 2 ) + V\z\ 2 WV\z\ 2 ) , (95) 

where I^(^) is the modified Bessel function of the first kind. Similar to the preceding 
examples, we only verify the resolution of the identity. In the present case we have to find 
a function a(x) such that 

x n d{x)dx = 2 d ^ 2 1)! . (96) 

The integral in (pTTJ) is again helpful, if we rewrite the RHS of the (|9fi|) as 2n![(n+l)!] 2 / (n+2)!. 
The suitable measure is then found to be 



a(x) = G 3 A I x 




(97) 



The overlap between these states for the special case a = a' is obtained from (|23|) in the 
closed form 

&a\^a) = Afdziy^Afdz'l 2 )- 1 / 2 — L= (21^2^^) + v / ^i 7 / 2 (2v / iv) N ) , (98) 
where A^(|^| 2 ) and N{\z'\ 2 ) are determined by Eq. (J95)) . 



VII. INTRODUCING THE GENERALIZED GKCS AND THE ASSOCIATED 
DUAL FAMILY 

In the light of the above explanations we are now in a position to propose the generalized 
GKCSs, by which we may recover the GKCSs given by Eq. (jlj (also the associated dual 
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family, DGKCSs) and the nonlinear CSs given by Eq. (|T3*j) as some special cases. In the 
following scheme, the physical meaning of the a parameter which enters in the GKCS and 
DGKCS will be more clear, the case we have already mentioned (in the explanations after 
Eq. (USD) as a = out. 



A. Time evolved CSs as the generalized GKCSs 

Consider the Hamiltonian H whose eigenvectors and eigenvalues are \cj) n ) and e n , respec- 
tively such that 

oo 

H = u}^2e n \(/) n ){<f) n \, where H\(p n ) = uje n \(p n ) , (99) 

n=0 

where u is a constant with the dimension of energy (taking h — 1). Let $) be a separable, 
infinite dimensional and complex Hilbert space spanned by orthonormal set {|0 ra )}^L o . Also 
suppose = eo < t\ < ti < ■ ■ ■ < e n < e n+ i < ■ ■ ■ , be such that the sum Yl^=o |St 
converges in some interval < x < L. For z G C, such that |z| 2 < L < oo, we define the 
generalized CSs as follows 

00 n 

|z)=AT(|z| 2 )- 1 / 2 ^-^=|0„), (100) 

n=0 \Y e n\- 

where N(\z\ 2 ) being a normalization factor. As it is clear, these states known as nonlinear 
CSs, with the nonlinearity function f(n) = v/^f- Setting z = re %e with r = J5, it is 
reasonable to write \z) = \J,6). Now if dv be a measure which solves the moment problem 

J n dv{J) = [e n ]\, / dv(J) = l, (101) 



du{J) = (102) 



'0 Jo 
then these CSs satisfy the resolution of the identity 

,J *\j,e){MMJ)^- 

2lT . 



The CSs in (llOOj) evolve with time in the manner 

\z,t) = e~ iHt \z) =JV(|z| a )- 1 / a X; £ -Wl^> J (103) 
or equivalently in terms of the new variables J and 9, 

00 Jn/2pin8 „—iwent 

I j, 0, *> = e-^|j, f> = N{jy 1/2 £ ' i^>- ( 104 ) 
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This larger set of GKCSs, we will call them "generalized GKCSs", defined for all t, satisfies 
the resolution of the identity, 



2ir in 

\J,9,t)(J,9,t\M{J)—\dv{J) 



2tt 

\j,e,t)(j,e,t\M(j)— 

271 

\J,9,t)(J,9,t\H{J)dv(J) 



dv{J) 
djjLs 



(105) 



n=0 



where d/tg which is really a functional (not a measure) is referred to as the Bohr measure, 

r-T 



lim — — - 

T->oo 2T 



-T 



f(x)dx = / f {x)dfis{x) 



(106) 



and / is a suitably chosen function over R. In particular, if /(x) = 1 for all x, then 
(a*b! /) = 1) so that /is resembles a probability measure. Therefore writing the Bohr measure 
as an integral has only a symbolic meaning. 

Setting t = in the "generalized GKCSs" of Eq. ([103)1 . we shall recover the nonlinear 
CSs and for 9 = 0, the generalized CSs of Eq. ()104|) reduce to the GKCSs | J, a) in (JTJ) with 
a = ut, which the latter states satisfy the resolution of the identity, 



\J,a)(J,a\N{J)dv{J) 



dfjLs(t) = I?,- 



(107) 



The generalized GKCSs \J,9,t) in ()104j) . satisfy the temporal stability condition and the 
action identity, as well as the continuity in the labels and resolution of the identity, 



J,9,t) = \J,9,t + t'), (J,9,t\H\J,9,t) = ojJ, 



108) 



and so do the states \z,t) in ()103|) . 



B. The dual family of the "generalized GKCS" 

Let us now write e n = nf 2 (n), so using our previous results in the present paper, there 
is a dual set of numbers e n = e n = jz^j, associated with the dual Hamiltonian H. Corre- 
spondingly this Hamiltonian has eigenvectors \<f> n ) and eigenvalues e n , such that 

H = u}^2 £ n\<l>n){<j>n\, where H\(j) n ) = uje n \<f) n ). (109) 

n=0 
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Also assuming that = Eo < S\ < £2 < ■ ■ ■ < s n < e n+ i < • • • , be such that the sum 
Yln°=o [fir converges in some interval < x < L. We can now define the dual family of 
generalized CSs have been introduced in by 

00 n 

|i)=AT(N 2 )- 1 / 2 ^^=|0„), (110) 

n=0 V \- £n i ' 

which are the well known(dual) nonlinear CSs of Ref. The time evolution of these 

states reads as, 

\z,t) = e~ iHt \z) = ]\f{\z\ 2 y l/2 ^2^y==-\(f) n ). (Ill) 

7^0 Vi £ nY- 

Again, setting z = re 10 with r = , we can write \z) = | J, 9). So, equivalently the states in 
(llllj) can be rewritten in terms of the new variables J and 9 as 

^ 00 jn/2 ind —iu)E n t 

\J,9,t) = e- m \J,0)=Af(J)-^J2 /At l^>- ( 112 ) 

We call this large set of states as the "dual of the generalized GKCS". Setting 9 = in ()112j) 
will reduce it to the dual of the GKCSs we introduced in (|2~3")) with a = ut. Provided the 
moment problem 

/ J n dv(J) = [e n ]\, / du{J) = l, (113) 
Jo Jo 

has a solution, we also have expressions for the resolution of the identity of the type (jl02j) . 
(Il()5j) and ()107|) . The GK criteria may immediately be verified for the dual of the generalized 
GKCS in Eq. (JTT2J), as it was down for the "generalized GKCSs" in Eq. fTTHjl . 

C. Generalized creation and annihilation operators 

We define two sets of the generalized annihilation operators 

A\<j> n ) = V^l0n-l), A\<t>n) = V^l&n-l) , (H4) 

and the corresponding generalized creation operators 

A ] \(j) n ) = y/e n+1 \(p n+1 ), A ] \cj) n ) = v /e n+1 |0 n+1 ), (115) 
where e n = e n . Therefore, the Hamiltonian of the system and its associated dual are 

H = coA^A, H = ujA ] A. (116) 
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Note that we have dropped the GK indices from all the operators in this last section because 
the discussion is exclusively related to the GK states. Then, for the states in (jlUU|) and (jllOj) 
we have clearly 

A\z) = z\z), A\z) = z\z). (117) 
In the Heisenberg picture the generalized annihilation operators A and A evolve in time as 

A(t) = e i6t Ae- iAt , A(t) = e iflt Ae~ iflt (118) 

and similarly for the generalized creation operators. At any time t one may obtain, 

A(t)\z,-t) = z\z,-t), A{t)\z^t) = z\z^t). (119) 

D. Interpolating between generalized GKCSs and their dual 

Following the approach proposed in jlf| we can define the operator T on f) as 



n=0 

with the action 



T|0„) = yp|y|0n), n = 0,l,2,.... (121) 

Then, writing r\ z = N(\z\ 2 ) 1 l 2 \z) and similarly defining rf z , f]jfi,t an d VJ,e,t a s the unnormal- 
ized CSs, we have 

friz = V Z . (122) 

Since f, H and H commute, we have the interpolation rule at any fixed time t; i.e., fixed 
a: 

e -^-H)tf VjAt = rj J>e , t . (123) 

VIII. CONCLUDING REMARKS 

Finally we present a summary of our results. After imposing a second modification on 
GK states, we showed that both the GKCSs and D GKCSs are essentially of the type of the 
so called nonlinear (/-deformed) CSs. In each of the two cases the relevant nonlinearity 
function is an operator valued function which depends on the intensity of light (n), but 
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is labeled by a constant real parameter (a). The introduced nonlinearity function which 
contains an intensity dependent phase factor, has not been appeared in literature up to now. 
This new feature originates from the temporal stability requirement imposed on GKCSs and 
DGKCSs. Meanwhile, using the two nonlinearity functions we constructed the raising and 
lowering operators, by which one can creates and annihilates the deformed photons. After 
all, we proposed a general evolution operator S(a), whose action on any generalized CS 
with known spectrum transforms it to a temporally stable CS. This can physically makes 
the generalized CS to be more useful in practical experiments. 

Adding the results presented in section ()VI|) show that, at least in most of the considered 
physical systems, i.e., when the CS deals with the whole Fock space {|n)}^ =0 , while the 
GKCSs is defined on whole complex plane (unit disk) the DGKCSs is restricted to unit disk 
(whole plane), and vice versa. This situation does not hold for Morse potential in which 
there is a cut off in the summation (finite dimensional Hilbert space: {l^)}*!"!) 1 )- So based 
on the results in j3] in which the authors relate the radius of convergence to the physical 
quantities, it can be conclude that GKCSs and DGKCSs can be produced under different 
physical conditions. 

We emphasize on the fact that the Hamiltonian involved in the operator S(a) must be 
the one that expresses the dynamics of the system. Using this proposition we introduced 
the dual family of GKCS. Also it may be understood that the GKCSs can be rewritten in 
terms of the associated Jgk function, explicitly as 



and similarly for the DGKCSs in terms of the same nonlinearity function fGK{ct,n): 



Hence, we have established that the latter states are indeed a special class of nonlinear CSs 
which are temporally stable. This property is preserved, using a particular set of nonlinearity 
functions as introduced in (pH)) and (J2EJ). Also, the map 

\z, a) i — ^ \z^ct) 

may be obtained by following map 





f G K(a,h) h-> 



1 



f GK (a,h)' 
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Note that this map converts even the normalization factor, correctly. Keeping in mind the 
above explanation, a certain class of nonlinear CS and its dual, determined on a specified 
point of the phase space (z 6 C), including the fact that the standard CS is self-dual, may be 
similitude to the image of a state by the map defined above. While the images of standard 
canonical CS are the same in any arbitrary point of the phase space, i.e., the usual CS does 
not destroy the flatness of the mirror (or the linearity of the medium) , this is not so for the 
nonlinear CSs. It may be recognized that the operator / in the CSs affect the flatness of 
the mirror (or the linearity of the medium), and makes it to be curved (or nonlinear). As 
much as the state is far from the harmonic oscillator CSs, the effect of /-function is more 
strong and the dual state (image) is far from the state, itself. So the role of the nonlinearity 
in the nonlinear CSs may be related to the medium, instead of the source of light. In other 
words, corresponding to any nonlinear CSs there exist an equivalent situation: "a linear 
source (ordinary photon) with a nonlinear optical medium", such as Kerr medium. This 

nn 

particular interpretation of the nonlinear CSs has already been realized in [34, 35J. 

Finally, we confined ourselves to the general introduction of the new type of Gazeau- 
Klauder CSs, in this paper. Although it would be interesting for further applications in 
quantum optics, to investigate in details, minimization of Robertson-Schrodinger uncer- 
tainty equation, the intelligent states and the statistical properties, quadrature squeezing, 
etc of DGKCSs and the special superpositions of them have been introduced associated with 
various exactly solvable quantum mechanical systems and compared with those of the old 
one (GKCSs type). Also it seems that the vector CSs of DGKCSs may be constructed, as 
it was done for GK states [l^. These matters are under consideration for future works. 



Acknowledgments 

The authors would like to express their utmost thanks to Prof. S. Twareque Ali from 
the Department of Mathematics and Statistics of Concordia University, for his intuitive and 
useful comments and suggestions, in addition to his rigorous look at the manuscript, in all 
its stages during preparation. Thanks to Prof. M. Soltanolkotabi and Dr. M. H. Naderi 
for reading carefully the manuscript and useful discussions. Also thanks to the referee for 
reminding us some useful comments. One of the authors (M.K.T.) acknowledges supports 
from the University of Yazd of Iran. 



29 



IX. REFERENCES 



[1 
[2 

[3] 
[4] 
[5 
[6 
[7 

[8] 
[9] 
[10 

[11 



[12 
[13 
[14 



J. R. Klauder and B. S. Skagerstam, Coherent States, Applications in Physics and Mathemat- 
ical Physics, (Singapoore, World Scientific) (1985). 

S. Twareqe Ali, J-P. Antoine, and J-P. Gazeau, Coherent States, Wavelets and Their Gener- 
alizations, (Springer- Verlag, New York) (2000). 
P. Deuar and P. D. Drummond, Phys. Rev. A, 66 033812 (2002). 

C. C. Chong, D. I. Tsomokos and A. Vourdas, Phys. Rev. A, 66 033813 (2002). 
R. Roknizadeh and M. K. Tavassoly, J. Phys. A: Math. Gen., 37 5649 ( 2004). 
J-P. Gazeau, J. R. Klauder, J. Phys. A: Math. Gen., 32 123 (1999). 

J-P. Gazeau and P. Monceau "Generalized Coherent States for Arbitrary Quantum Systems", 

Klauer Academic Publishers, Printed in the Netherlands (2000). 

R. Roknizadeh and M. K. Tavassoly, J. Phys. A: Math. Gen., 37 8111 ( 2004). 

D. Popov, Phys. Lett. A, 316 369 (2003). 

J-P. Antoine, J-P. Gazeau, J. R. Klauder, P. Monceau and K. A. Penson, J. Math. Phys., 42 
2349 (2001). 



A. H. El Kinani 
34 5373 (2001). 
A. H. El Kinani 
A. H. El Kinani 



and M. Daoud, J. Math. Phys., 35 2279 (2001), and J. Phys. A: Math. Gen., 



and M. Daoud, Int. J. Mod. Phys. B, 16 3915 (2002). 
and M. Daoud, Int. J. Mod. Phys. B, 15 2465 (2003). 
S. Twareque Ali and F. Bagarello, "Some Physical Appearance of Vector Coherent States and 
CS Related to Degenerate Hamiltonian" , eprint [quant-ph /0410151 (2004). 
[15] B. Roy and P. Roy, J. Opt. B: Quantum and Semiclass. Opt., 2 65 (2000). 
[16] S. Twareqe Ali, R. Roknizadeh and M. K. Tavassoly, J. Phys. A: Math. Gen., 37 4407 (2004). 
[17] J. R. Klauder, K. A. Penson and J-M. Sixdeniers, Phys. Rev. A, 64 013817 (2001). 
[18] K. A. Penson and A. I. Solomon, J. Math. Phys., 40 2354 (1999). 

[19] J. R. Klauder, "Coherent States for Discrete Spectrum Dynamics" , eprint quant-ph/9810044 
(1998). 

[20] V. Bargman, Commun. Pure Appl. Math., 14 187 (1961). 



30 



[21] P. Shanta, S. Chaturvdei, V. Srinivasan, G. S. Agarwal and C. L. Mehta, Phys. Rev. Lett., 72 
1447 (1994). 



[22 
[23 

[24 
[25 

[26 

[27 
[28 

[29 
[30 
[31 



R. L. de Matos Filho and W. Vogel, Phys. Rev. A, 54 4560 (1996). 

V. I. Man'ko, G. Marmo, S. E. C. G. Sudarshan and F. Zaccaria, Physica Scripta 55 528 
(1997). 

Z. Kis, W. Vogel, and L. Davidovich, Phys. Rev. A, 64 033401 (2001). 

B. I. Lev and A. A. Semenov, C. V. Usenko and J. R. Klauder, Phys. Rev. A, 66 022115 
(2002). 

A. M. Perelomov, Generalized Coherent States and Their Applications, (Berlin: Springer), 
(1986). 

A. O. Barut and L. Girardello, Commun. Math. Phys., 21 41 (1971). 

V. V. Borzov, E. V. Damaskinsky and S. B. Yegorov, Zap. Nauchn. Semin. LOMI, 245 80(in 
Russian) (1997). 

S. Mancini, Phys. Lett. A, 233 291 (1997). 
P. Roy, Opt. Commun., 221 145 (2003). 

A. M. Mathai and R. K. Saxena, "General Hypergeometric Functions with Applications in 
Statistical and Physical Science", in: Lecture Notes in Mathematics, Vol. 348 Springer, New- 
York (1973). 

J. R. Klauder, "The Current State of Coherent States", eprint quant-ph/0 110108 



[32; 

[33] M. H. Naderi, M. Soltanolkotabi and R. Roknizadeh, Eur.Phys.J.D, 32, 397-408 (2005) 
[34] S. S. Mizrahi, Lima J. P. Camargo and V. V. Dodonov, J. Phys. A: Math. Gen., 37 3707 
(2004). 

[35] M. H. Naderi, M. Soltanolkotabi and R. Roknizadeh, J. Phys. Soc. Jpn, 73 2413 (2004). 



31 



